ABSTRACT: A simple model for the design of selective catalytic reduction (SCR) process is presented. The two-dimensional mass transfer equation shown in Bai and Chwu (1997) is simplified and the analytic solution is obtained. The analytic solution is verified by the solution of the numerical two-dimensional model as well as published experimental data. Then it is applied for the design of the SCR reactor. Effects of operating temperature, inlet molar ratio of NH 3 /NO, channel pitch, and gas flow rate on the SCR reactor volume are evaluated based on a designed NO removal efficiency. The NH 3 slip problem of a given inlet ratio of NH 3 /NO also is discussed. It is shown that the injection ratio of NH 3 /NO must be slightly higher than the desired NO removal efficiency so that the reactor volume can be reduced and the problem of NH 3 slip is not a major concern.
INTRODUCTION
After the first patent of the selective catalytic reduction (SCR) process in 1959 in the United States, it has been employed worldwide for the NO z removal from stack gases. The SCR process converts NO z to nitrogen gas and water vapor by using ammonia as a reducing agent. It is the only commercially proven NO z control technology capable of removing more than 60% of NO z emissions. lYpical operating temperatures are in the range of 300-400°C, and gas hourly space velocities (GHSV) are in the range of 2,000-7,000 h-I • For the most widely employed ceramic honeycomb catalyst cells, cell sizes vary typically from 3 to 10 mm (Beeckman and Hegedus 1991) . The smaller cells nonnally are used for "clean" gas applications and larger cells for "dirty" gas applications.
Because the SCR system is a commercialized process, the operating experiences and perfonnance data of the SCR reactor with different catalysts can be found easily in the literature (Kittrell and Eldridge 1985; Nishimoto et al. 1987; Stiles et al. 1994) . But there are only a few theoretical analyses of the SCR process. Binder-Begesteiger et al. (1990) presented an analytical treatment on the SCR perfonnance. Because of the assumption of fast chemical reaction at the catalytic wall, their model is valid only for a purely diffusion-controlled operation. On the other hand, Buzanowski and Yang (1990) neglected the diffusion limitation in the interphase transport and derived a simple one-dimensional (lD) analytic solution for the SCR monolith reactor. Therefore their analysis applies only to the SCR reactor with very small channel pitch where the SCR process is controlled by chemical kinetics.
The other models (Beeckman and Hegedus 1991; Lefers et al. 1991; were ID lumped parameter analyses. They have modified the theoretical analysis of Buzanowski and Yang (1990) . However, although the adequacy of an ID lumped parameter model has been analyzed , the parameters used in ID models are unknown and needed to be justified. The unknown parameters include mass transfer coefficient (k m ) , the effective diffusion coefficient, the catalytic reaction rate, and the NH3 adsorption constant. Take the mass transfer coefficient as an example; Lefers et al. (1991) did not address it on the detennination of k m • Beeckman and Hegedus (1991) used a Hawthorn equation to detennine k m , but the Hawthorn equation is valid only in the pure diffusion region. and employed an analogue between heat and mass transfer and obtained the value of k m based on similarity between the Nusselt number and the Sherwood number. They found that the value of the Darnkohler number significantly alters the Sherwood number; thereby it may lead to a large deviation of k m • A two-dimensional (2D) numerical model was employed by the authors (Bai and Chwu 1997) to evaluate the perfonnance of various SCR catalysts in tenns of NO z removal. The model accounted for simultaneous effects of external diffusion and chemical kinetic limitations in the SCR process. It is accurate but extensive computational effort is required. In the practical application of SCR design, the design model should be as simple as possible provided the accuracy of the design is not biased. However, it seems that available SCR design models in the literature were either too complicated to be applied to the field or too simple to retain their accuracy.
In this paper the 2D equations are further simplified using appropriate assumptions, and an analytical solution is obtained that greatly reduces the computation time. The accuracy of the analytical solution is tested by comparing the results with those of the 2D numerical model as well as experimental observations in the literature. Then it is applied for the design of a SCR reactor. Therefore, once a new catalyst is developed in a laboratory study, its SCR perfonnance can be predicted easily using the simple analytic solution for the 2D model.
THEORY
In the SCR process the NO z species are reduced by injection of NH 3 , ultimately, to N 2 gas over a heterogeneous catalyst in the presence of O 2 , The results of SCR perfonnance tests in actual applications indicated that the foIlowing reaction is dominant (Cho 1994; Bai and Chwu 1997) :
The presence of O 2 is essential for the SCR reaction to occur. For O 2 concentration of lower than 0.5%, the NO conversion increases with an increase in the O 2 concentration and it reaches a stable NO conversion rate at an O 2 concentration greater than 1% (Bosch and Janssen 1987) . The SCR reaction is a heterogeneous catalytic reaction. The rate of the reaction is controIled by external and internal diffusion as well as chemical kinetic limitations. Bai and Chwu (1997) 
Analytic Solution of Model Equation
The model equations in (3) and (4) can be further simplified with the following assumptions:
.cos(13Y*) dX* dY* where 13 is defined by that Therefore using the method of separation of variables, (to) is solved for the evolution of NO concentration in the SCR reactor as 
Model Equation
A schematic diagram of the SCR reactor is shown in Fig.  1 2)
where C I == gas concentration (i = NO or NH3); u = flow velocity in the ducts; D I =diffusion coefficient of reagents; Z =main flow direction; and X and Y = directions perpendicular to the main gas stream. The left-hand-side term is the convection term whereas the two terms on the right side denote the extemal diffusional deposition of NO and NH 3 molecules onto the catalytic wall. Eq. (2) can be normalized using the nondimensional parameters C!" == CJC?, x* =2Xld", y* == 2Yld", u* = UlU"" and z* = 4ZDNO/(Umd~), where C? is the reagent inlet concentration. d" is the channel pitch, and U'" is the average flow velocity. As a result the nondimensional equations for the evolution of NO and NH 3 concentrations in the SCR reactor are ac~O a2c~o a2C~o
The velocity profile usually is assumed to be fully developed laminar flow in the SCR system (Lefers et al. 1991; . The fully developed velocity profile in a square duct is obtained from Shah and London (1978) . The initial condition is set at the inlet of the SCR system such that where the boundary conditions are that the reagent concentrations are symmetric at the center line of a square duct; and the deposition flux is controlled by the effective rate of catalytic reaction between NO and NH 3 on the catalytic surface at x* =o. acr =0 (6) ax'" at y* =0, act = 0 (7) aY'"
The same equations can be made for the evolution of ammonia concentration in the SCR reactor. Detailed solution procedures of (to) are shown in Appendix I. The determination of NH 3 adsorption constant and effective rate constant is referred to Bai and Chwu (1997) . Eq. (11) can be further written as
The computation is easier using (14) instead of (11). The error induced by using (14) is less than 0.5% for N > 50, and approximately 2% for N == 20. It would be larger than 20% for N< 10. 
Model Prediction
The results of the analytic solution developed in this study are compared with those of Buzanowski and Yang (1990) in terms of NO conversion. The model of Buzanowski and Yang (1990) Fig . 5 depicts the comparison of results of the two models. The experimental data also were obtained from Buzanowski and Yang (1990) . One can see that both models well predict 
RESULTS AND ANALYSIS

Analysis of Model Accuracy
The assumptions for deriving the analytic solution are evaluated. When different diffusivities are used for NH 3 and NO gases, two model equations are needed for the behaviors of the two gas species. Therefore an analytic solution could not be derived, and the numerical method of forward-time centered-space was used for solving the coupled equations in (3) and (4). When assuming identical diffusivities, the analytic solution equation in (14) can be used for predicting the NO conversion rates. Results of the two cases are compared in Fig.  2 as a function of dimensionless axial distance (Z*) under various Damkohler numbers. It is seen that similar results are obtained for the two cases at Damkohler numbers ranging from 0.01 to 10. Therefore, assuming identical diffusion coefficients for the two gases does not yield significant differences between the model outputs.
The assumption of fully developed flow pattern is more appropriate than the plug-flow field assumption for the velocity profiles in the SCR reactor. However, with that the analytical solution is difficult. Therefore, the validity of plug-flow field assumption was tested and shown in Fig. 3 . The results from the numerical model were obtained using the fully developed flow pattern, and those from the analytic model were obtained using the plug-flow pattern. It is observed that the value of the Damkohler number significantly affects the model results at smaller Z*. For the typical range of the Damkohler number on the order of unity in an SCR reactor, the deviation may be as large as 10% of NO conversion.
The discrepancy induced by the assumption of plug-flow pattern can be minimized. The differences in the results from the two flow patterns are compared using the 2D numerical model, and a correction formula is obtained. 
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---------------_. The analytic solution of the 2D model is easier to use in the design of an SCR system. Fig. 7(a) shows the effect of inlet molar ratio of NH 3 /NO on the reactor volume. The catalyst was obtained from the Catalyst Research Center, China Technical Consultants, Inc., Taiwan. Characteristics of the catalyst are referred to in Bai and Chwu (1997) . The designed NO removal efficiency was 85%; the NO inlet concentration was 1,000 ppm and the flue gas flow rate was 5 m 3 /s at standard temperature of O°C 1.01 X 10~Pa. The channel pitch of the SCR reactor was 0.6 cm. It is seen that if the inlet ratio of NH 3 /NO is at 0.85, then the reactor volume would have to be infinitely large to achieve 85% of NO removal. Therefore the injection ratio of NH 3 /NO must be higher than the desired NO removal efficiency. The reactor volume reduces quickly as inlet ratio of NH 3 /NO increases from 0.85 to 0.90. It gradually reaches a stable size as inlet ratio of NH 3 /NO is larger than 0.9. Besides, an increase in the operating temperature significantly reduces the reactor volume. This is because the catalytic reaction rate increases with increasing temperature.
The ammonia slip problem is another major concern in the design of an SCR reactor. Fig. 7(b) depicts the amount of ammonia slip as a function of inlet ratio of NH 3 /NO. It is seen that they are linearly proportional. Because inlet ratio of NH3/NO is greater than 0.90, the ammonia slip is higher than 50 ppm. This would violate the regulations for ammonia emission either in the United States or in Taiwan. Therefore in this , . ,I
... the experimental observations. However, the experimental data of Buzanowski and Yang (1990) were conducted at very narrow channel pitch (db =0.14 cm). Therefore the assumption of neglecting the diffusion limitation in their model analysis is valid in this case. But the model of Buzanowski and Yang (1990) may not be applicable for larger channel pitch, which is more practical in the SCR design. Fig. 6 shows the comparison results of the two analytic solutions with the SCR data of Beeckman and Hegedus (1991) . The experiments were conducted with a typical channel pitch of 0.6 cm where diffusion limitation cannot be neglected. It is observed that the analytic solution of Buzanowski and Yang (1990) underpredicts the experimental data by 10-15% of NO conversion rates. And the analytic solution developed in this study overpredicts by 5-8% before correction of the Damkohler number. This is because although the analytic solution developed in this study has the ability of accounting for the effects of both diffusion and chemical reaction limitations, the assumption of plug-flow field results in deviations at large channel pitch (small Z*). After correction of the Damkohler number with the factor W, the results of the analytic solution developed in this study are in good agreement with the experimental data. Inserting (19) into (18) 
APPENDIX I. DERIVATION OF ANALYTIC SOLUTION
With the use of the plug-flow assumption and identical diffusivities assumption for the NH 3 and NO gases, (10) becomes ae* a 2 e* a 2 e* --= --+ --az* ax* ay* Dividing both sides of (20) by FGH, we find
A model is presented to assist in the design of an SCR reactor. The model is an analytic derivation of the 2D mass transfer equation. The advantages of the model are that it is not only simple but it also takes into account of the simultaneous effects of diffusion and chemical kinetic limitations in the SCR process. After tests of the model accuracy, it was found that the assumption plug-flow field in the analytic solution may lead to some deviations from the numerical solution. But with correction of the Darnkohler number, the analytic solution compares well with experimental observations. The analytic model presented in this study is helpful in the proper design of the SCR reactor. The design parameters such as operating temperature, injection ratio of NH 3 fNO, channel pitch, and reactor volume can be determined easily.
Given the cases shown in Fig. 9 , the values of GHSV are 3,910, 7,200, and 9,730 h-I , respectively, for SCR temperatures of 281,341, and 380°C for flue gas flow rate of 1 Nm 3 /s. For flue gas flow rate of 20 Nm 3 fs the GHSV values are 4,480, 8,690, and 12,970 h-I , respectively, for SCR temperatures of 281,341, and 380°C. Typical range of GHSV in the SCR are 2,000-7,000 h-I. Therefore, for the catalyst used in the design study, the required SCR temperature can be in the lower range of typical design value (3OO-400°C). An SCR reactor with operating temperature of less than 340°C would satisfy the typical range of GHSV. On the other hand, if the SCR reactor can be operated at a higher temperature (such as 380°C), then the required reactor size can be reduced. A comparison of the energy cost for reheating the flue gas to a desired temperature and the installation cost of the SCR reactor will decide which method is economical.
where e* = concentration profiles of NH 3 or NO in the SCR system. By applying the method of separation of variables, we obtain the solution of C* of the form Each side of (21) must be equal to a constant, say (-j.L), thus
The solution of equation (22) o case, it is out of the question to design the injection ratio of NH]/NO to be greater than 0.90. But it also is seen that as the inlet ratio of NH]/NO is less than 0.86, the required volume of the reactor is very large. Therefore the optimal injection ratio of NH]/NO falls between 0.86 and 0.88, and the corresponding amount of ammonia slip is 10-30 ppm. It must be noted that the ammonia slip shown in Figure 7 (b) is a conservative estimate of the amount of ammonia slip from an SCR reactor. Under field operation the injected ammonia also would be consumed by other gas species such as SOx and CO 2 in the flue gas. This is not accounted for in this study. Fig. 8 shows the effect of channel pitch on the reactor volume. The designed NO removal efficiency was 85%; inlet NO concentration was 1,000 ppm; inlet ratio of NH 3 /NO was 0.88; gas flow rate was 5 Nm 3 /s. It is observed that the reactor volume increases with an increase in the channel pitch. This is because larger channel pitch indicates that the SCR process is controlled by diffusion limitation. Therefore the SCR process is more economically applicable to the gas-firing system where narrow channel pitch can be used. Fig. 9 depicts the effect of flue gas flow rate on the reactor volume. The other parameter values were the same as those for Fig. 8 . It is seen that the reactor volume is linearly proportional to the flue gas flow rate. One of the design parameters used in the SCR reactor, the GHSV, is defined as Q/V, where Q is the gas flow rate and V is the reactor volume. 
